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ABSTRACT. A dyadic space § is defined to be a continuous image of
{ 0, l}"‘ for some infinite cardinal number m. We deduce Banach space prop-
erties of C(S) and topological properties of S. For example, under certain car-
dinality restrictions on m, we show: Every dyadic space of topological weight
m contains a closed subset homeomorphic to {0, 1}'“. Ever)j Banach space X
isomorphic to an m dimensional subspace of C(S) (for S dyadic) contains a
subspace isomorphic to ! (T') where I' has cardinality m.

Introduction. In this paper we examine the relationships between dyadic
spaces S and the Banach spaces ((S) of continuous real valued functions on S.
The main result is

THEOREM 1. Let S be a dyadic space and w a regular cardinal number.

Then the following are equivalent:
(i) The topological weight of S 2 m.

(ii) C(S) contains a subspace isomorphic to I, .

(iii) C(S)* contains a subspace isometrically isomorphic to L*{0, 1}™.

(iv) If ¢: D" — S is continuous and onto, then there exists a closed sub-
set Q of D", homeomorphic to D™, such that ¢\, is a homeomorphism.

(v) C(S) contains a subspace isometrically isomorphic to C(D™) which is
the range of a projection in C(S) of norm one.

(A cardinal number m is regular if m is not the sum of fewer than m cardi-
nal numbers each smaller than m. For any cardinal numbern, D™= {0, 1} is a
generalized Cantor set. A dyadic space is a compact Hausdorff space which is a
continuous image of some D™. For the definitions of the other terms, see §1
below.)

Properties of C(S) spaces for S dyadic (especially questions about their
isomorphic classification) have previously been examined by Pelczynski [12] in
his monograph. Combining his Proposition 8.4 with our Theorem 1, we have the
following
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COROLLARY: Let m be a regular cardinal number and S a dyadic space

of topological weight m.
Then C(S) is isomorphic to C(D") if S satisfies any one of the following
properties:

(1) There exists a continuous onto map ¢: D" — S (for some n) admit-
ting an averaging operator.

(2) If S is homeomorphic to a closed subset of a compact Hausdorff space
K, then there exists a linear extension operator E: ((S) — C(K).

(3) S is a closed subset of some D™ and there is a retraction r: D" — §.

(For the definitions of averaging and extension operators and retraction,
see [12].)

Topological properties of dyadic spaces somewhat weaker than (i) = (iv) of
Theorem 1 are known and due to Efimov [2]. In particular, he proved (under
certain restrictions on m ) that if S is dyadic and has topological weight m, then
D™ is a continuous image of a closed subset of S.

Using Theorem 1 in an obvious fashion, we can deduce a dyadic space ana-
logue of a well-known result of Kuratowski [6, p. 444] on uncountable compact
metric spaces.

COROLLARY. Let S, and S, be dyadic spaces and m the topological
weight of S,. Assume that mis a regular cardinal.

Then if ¢: §; — S, is continuous and onto, there exists a closed subset
Q of §,, homeomorphic to D* , such that ¢lq, is a homeomorphism.

We now indicate the organization of this paper. §1 contains definitions
and notation. In §2 we investigate the structure of nonseparable subspaces X
of C(S) for S dyadic. For example, in Theorem 2 we prove that if X is anm
dimensional subspace of C(S) (for S dyadic; again, m is a regular cardinal), then
X contains a subspace isomorphic to /. This yields immediately a partial affir-
mative answer to a conjecture of Rosenthal [14] concerning conjugate L' (1)
spaces.

§3 contains the proof of Theorem 1. The only difficult implication is
(iii) = (iv). ((Q) = (ii) is immediate from Theorem 2 and the other implications
follow easily from known results.) The major step in the proof of (iii) = (iv) is
Proposition 11, which gives a sufficient condition for pairs of sets {(4,, B,):
@€ A} in D™ to contain a “large” independent subfamily {(4,, B,): « € B}
where B C A.

The proofs of our results use a combinatorial lemma of Erdés-Radé (cf.
[3] for an easy proof as well as for a coherent presentation of many of the
known results on dyadic spaces.) We state this result as Lemma 7. In addition,
we require some further combinatorial results, especially a “Ramsey-like” theorem
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for functions (Lemma 8). To establish properties of subspaces of C(S) for S dyad-
ic, we rely heavily on a result of Rosenthal [15, Proposition 4] which gives suf-
ficient conditions for a set of functions on some set S to be equivalent (in sup
norm) to the usual basis of I%. We state this as Lemma 6.

1. Preliminaries. For the most part our notation and terminology is stan-
dard. All Banach spaces will be real Banach spaces and all operators between two
Banach spaces will be bounded linear operators. We will denote the dual space
of the Banach space X by X*. Two Banach spaces X and Y are isomorphic if
there is a linear homeomorphism from X onto Y, isometrically isomorphic
if there is a surjective operator T: X — Y such that ||7x|| = ||x]| for
every x € X.

Let I' be a set. Then /'(I") (/(T") respectively) is the Banach space of real
valued functions f: I' — R such that lIfll = S{If(y)l: y €T} < o (lifll =
sup{If(y)|: ¥ €T} < oo respectively). If card(l’) = m > N,, then we denote
I'(T) by 1% and I”(T) by /5. (Of course, card(T) denotes the cardinality of the
set I.) If card(T) = 8,, then we denote I' (') by /! and I”(T") by I”.

Let § be a set, Z a o-algebra of subsets of §2, and u a (positive) measure.
Then by L' (u) = L} (S, Z, 1) we mean the Banach space of equivalence classes
of p-measurable functions such that lIfll = fIfldu <. If Q@ ={0, 1}", = is
the o-algebra of Borel sets in Q, and u is normalized Haar measure on the topo-
logical group {0, 1}™, we denote L!(2, Z, u) by L!{0, 1}* . (Another way of
viewing L1{0, 1}™ is as follows: Let M be a set of cardinality m, and for each
m € M, define a measure u,, on {0, 1} by u,,{0} = % =, {1}. If u is the
product measure of the u,,’s on {0, 1} M , then Ll(y) is isometric to L1{0, 1} )

Let M be a set of cardinality m. By D® we mean the generalized Cantor set
{0, 1}*. We denote a point in {0, 13" by £ = (¢,,),,c y- If M is a subset of
M, then Py, (§) = (¢,,,),nem €10, 1} s the projection of {0, 1} ¥ onto its fac-
tor {0, 1} M,

A function f: {0, 1}* — R is said to depend on the coordinates in M (M C
M) (or more simply, f depends on M) if there is a function g: {0, 1} — R such
that £(§) = g(Py,(¢)) for all £ €{0, 1} ¥,

Let A be an index set, and {(4,, B,): @ € A} a family of pairs of subsets of
some set I' with 4, N B, = & for all a. Then (following Rosenthal [15]) we
say that {(4,, B,): « € A} is independent if for every pair of disjoint finite sub-
sets Pand N of A, (N,ep4,) N (Noen B,) # B. Also, we say that {(4,, B,):
a € A} is 2-independent if for every pair of distinct a, § € A, 4, N Ag# 8,4,
NBg+ &,B,NA;#Fand B, N By # .

If S is a topological space, then the topological weight of S (denoted wt(S)) is
the least cardinal number m such that there exists a base of neighborhoods in S of
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cardinality m. The dimension of a Banach space X (denoted dim(X)) is the least
cardinal number m such that there exists a set in X of cardinality m whose closed
linear span is all of X.

The author wishes to thank the referee, and B. Hoffmann and R. Haydon
for pointing out errors in early versions of the manuscript.

2. Subspaces of C(S) for S dyadic. It is well known (cf. [1]) that any sep-
arable Banach space is isometric to a subspace of C(D®0), hence of C(D™) for any
infinite cardinal number n. Theorem 2 shows that C(D™) is not “rich” in nonsep-
arable subspaces.

THEOREM 2. Let m be a regular cardinal number. Let X be a Banach
space of dimension mwhich is isomorphic to a subspace of C(D") for some n.
Then X contains a subspace isomorphic to I3.

Before giving the proof we consider some consequences.

COROLLARY 3. Let m be a regular cardinal number, S a dyadic space, and
X a subspace of C(S) of dimension m. Then X contains a subspace isomorphic
toll.

Proor. If § is dyadic, then there is a continuous onto map ¢: D" — S for
some n. As is well known, ¢ induces an isometric embedding ¢°: C(S) — Q(D")
defined by ¢°£(¢) = f(¢(%)). for f € C(S), £ € D™. So the first part follows from
Theorem 2. The second part also follows easily since dim C(S) = wt(S) for any
compact Hausdorff space S. Q.E.D.

ReMARKS. (1) The conclusion of Corollary 3 (hence of Theorem 2) is
false if m is the sum of a countable number of smaller cardinals. Indeed, in [12,
Example 7, p. 71], Pefczyniski shows that in this case there exists a dyadic space
S of weight m such that C(S) does not contain a subspace isomorphic to I1. We
do not know if either Theorem 1 or Theorem 2 holds if we assume only that m
is not the sum of a countable number of smaller cardinals.

(2) Other possible improvements of Theorem 2 appear to be false. For
example, it is not true that every nonseparable subspace of L={0, 1}**0 contains
a subspace isomorphic to I'. For by a result of R. C. James [7], [9], there ex-
ists a separable Banach space X with X* nonseparable but such that neither X
nor any successive dual of X contains a subspace isomorphic to /!. But since the
dual of every separable space is isomorphic to a subspace of L™{0, 1}**0, there
is an isomorph of X* in L*{0, 1}*0 which does not contain I!.

Implication (ii) = (iv) of the next corollary gives an affirmative answer in
special cases to a conjecture of PeJczynski [13].

COROLLARY 4. Let X be a Banach space and S a dyadic space with X
isomorphic to a subspace of C(S). Let m be a regular cardinal number. Then
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the following are equivalent:
(i) The dimension of X 2 m.
(i) X* contains d subspace isomorphic to L'{0, 1}*.
(iii) X* contains a subspace isomorphic to C((D™)*,
(iv) X contains a subspace isomorphic to I%,.

ProoF. (i) = (iv) is Corollary 3, (iv) = (iii) follows from [13, Proposition
3.3] or [5, Lemma 2], (iii) = (ii) is trivial, and (ii) = (i) follows from this obser-
vation: It is easy and well known that if R is a reflexive subspace of X*, then
R* is isomorphic to a quotient space of X. Since L!{0, 1}® contains a subspace
isomorphic to L2{0, 1}", it follows (assuming (ii)) that L2{0, 1}™ is isomorphic
to a quotient space of X. Since dim L2{0, 1}™ = m, we must have dim X > m,
which establishes (i). Q.E.D.

REMARK. Implication (ii) = (iv) may hold if we assume only that m is an
infinite cardinal number.

As a final corollary to Theorem 2, we can characterize a large number of
L' () spaces isomorphic to conjugate spaces of subspaces of C(S) for S dyadic.

COROLLARY 5. Let m be a regular cardinal number. Let X be a closed
subspace of C(D™) of dimension m.

If X* is isomorphic to L‘(p) for some measure u, then X* is isomorphic to
an™)*.

PROOF. Since X contains a subspace isomorphic to /4, this follows im-
mediately from [14, Remark 5, p. 242]. Q.E.D.

We now begin to assemble the components necessary in the proof of Theo-
rem 2. Crucial to our proof is the following result of Rosenthal [15, Proposition
4] which gives sufficient conditions for a set of functions to be equivalent (in
sup norm) to the usual basis of I} .

LEMMA 6. Let m > 8, and let A be a set of cardinality m. Let r and &
be real numbers with & > 0. Let {f,: a € A} be norm one functions in I”(T),
and put

Aa = {7: fa('Y) >r + 8}’ Ba = {7: fa(?) < r}'

If {(A,, B,): o € A} is an independent family of pairs of subsets of T, then {f,:
« € A} is 8/2 equivalent to the usual basis of I.. More precisely, given distinct
@,...,04 €Aandscalarst,,...,t, then

5 k k k
i=1 i=1 i=1

To obtain such functions, we shall begin with a family of functions satisfy-
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ing weaker properties than those of Lemma 6. Then we shall use some combina-
torial results to extract a subfamily of these functions (of the desired cardinality)
satisfying the lemma. The first of these combinatorial lemmas is due to Erdés
and Radé6 (cf. [3] for an easy proof).

LEMMA 7. Let m be a regular cardinal number. Let A be a set of cardinal-
ity m, and for each a € A, let N,, be a finite subset of some set . Then there
exists a subset A' C A with card(A") = m such that Noy O\ Ny, = yN,
for every pair of distinct a;, a, € A'.

The other combinatorial result we need is a “Ramsey-like” theorem for
functions.

LEMMA 8. Let 8 > 0, let m be an infinite cardinal number, and let A be a
set of cardinality m. Let {f,: a € A} be functions in I”(T") such that |If, - fﬁll
=0 for every pair of distinct o, § € A.

IfT =T, U- - -UT,, then there exists an i and a subset A' C A with
card(A") = m such that IIf, Ip‘ = f3lp, !l > 0/2 for every pair of distinct «, g € A'.

Proor. If m = R, then the lemma follows directly from Ramsey’s theo-
rem (cf. [10]). So let us assume that m > N,. We present the proof in the case
of n = 2. The general case follows easily either by induction or by an obvious
elaboration (with more notation) of the argument for n = 2.

Let us say that a subset A of A works on T} if IIf, Ir; _fclp’." >0/2 for
every pair of distinct a, § € 4.

Let F={(4,,A4,): A; works on I'; for i = 1, 2} partially ordered by
(4,, A,)< (B,, B,) if A, CB, and A, C B,. Observe that F# &, and that if
(4%, AY),cq is a linearly ordered set in F, then (U, 4%, U, 4%) is an upper
bound in F

By Zorn’s lemma there exists a maximal element (A,, A,) in F We claim
that either i =1 and A'= A, ori =2 and A' = A, satisfies the conclusion of
the lemma. We assume that neither does and derive a contradiction.

If both card(A,) and card(A,) < m, then, putting B = A ~ (A, UA,),
card(B) = m. Since (A, A,) is maximal in F, for every § € B there exists an
@, €A, and @, € A, such that

® Wy lr, = felo I<6/2 fori=1,2.

Define ¥: B— A, x A, by ¥(8) = (a,, @,), where a; €A, and o, € A, are

chosen to have (#) for B. Since card(B) > card(A, x A,), ¥ cannot be one-to-

one. Thus, for some (a;, @) € A; x A,, there exist distinct §, 0 € B such that
B, 0 € V!(e;, a,). But then
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lify - £, = gfx’z fghe; = f5lr 1l

< Wfgle; =foylrll + Wl = fo ol

<02+062=19

by the triangle inequality. This contradicts the assumption that both card(A,)
< m and card(A,) < m, and the proof is complete. Q.E.D.
The final preliminary result is this easy lemma.

LEMMA9. Let 0 <0 <1, let m be a cardinal number which is not the sum
of a countable number of smaller cardinals, and let A be a set of cardinality m.
Let { f,: a € A} be norm one functions in I (T') such that lIf, -fBll =0 for
every pair of distinct o, B € A. Then there exists a rational number r € [-1, 1]
and a subset B C A with card(B) = m such that

(» A, ={v:fM>r+6/4}#8 B, ={v:f(N<nN+4
for each a € B.

ProoF. For each rational number r € [-1, 1], put A, = {a € A: a satis-
fies (») for r}. We are done once we show that card({J, A,) = m. For then, by
the assumptions on m, card(A,) = m for some , and we may take B = A,.

If card(\J, A,) < m, then the set A" = A ~ U, A, has cardinality m and
for each a € A', sup,, £,(7) - inf, £,,(y) <6/2. Since card(A") > §,, we can
easily find a rational number 7 and distinct a;, a, € A’ such that inf,, fo,(v) <
r <sup, fo(7) fori =1, 2. Let 1, denote the function on I" whose constant
value is . Then llf‘,ll —fazll < llf‘,l1 =1+ II1, - fa, | < 6 which is a con-
tradiction. Q.E.D.

We now turn to the proof of Theorem 2. Since the property of containing
1L is invariant under isomorphism, we may assume that X is an m dimensional
subspace of C(D™). Thus, for any 0 < 6 < 1, there exists a set A of cardinality
m and a set {x,: @ € A} of norm one elements in X such that llx, —xﬁll >0
for distinct @, 8 € A. Theorem 2 is immediate from

ProrosITION 10. Let 17/18 < 60 < 1, m a regular cardinal number, and
A a set of cardinality m. Let {x,: a € A} be a set of norm one elements in
C(D™) such that llx, - xgll > 6 for distinct a, B € A.

Then there exists a subset B C A of cardinality m such that {x,: a € B}
is equivalent to the usual basis of 1., .

PrOOF. Choose 0 <€ < 1/36. Let N be a set of cardinality n; we regard
D™= {0, 1}". Let F be the algebra of functions in C{0,1}N which depend on a
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finite set of coordinates in N. Then F separates the points of {0, 1}V and contains
the constant functions. By the Stone-Weierstrass theorem, there exists for each

@ € A a norm one function f, € Fand a finite subset N, C N such that lIf, — x|l
<€ and f,, depends on N,. Thus, for a distinct &, § € A we have IIf, —fBII =>

0 — 2e.

By Lemma 7 there exists A’ C A with card(A") = m and a finite (perhaps
empty) subset N C N such that N = N aca' Ny =Ny NN, for every pair of dis-
tinct a, E A'.

The proof is somewhat different from this point depending on whether or
not N = @. As the proof in the case N # & is more complicated, we present
it in detail, then indicate how to handle the case N = &

IfN#g,write N={n,,... ,nk}. Letey,..., 9% be an enumeration
of the 2¥ points in {0, 1}V and define

I,={t€{0, M Py®)=¢}

for 1 <i< 2. This partitions {0, 1}" into 2¥ disjoint closed open sets T, ,

.» Tk. By Lemma 8 there exists an i and a subset A" C A’ with card(A")
= m such that lIf, Ir, = fglr, Il > (8 — 2¢€)/2 for every pair of distinct o, § € A".
By Lemma 9 there exists a rational number 7 and a subset B C A" with card(B)
= m such that both

AL ={y€ET;: f,()>r+©-2)/8} and B, ={yET:f,y)<r}

are nonempty for every a € B.

Since T'; = {¢;} x {0, 1}¥*¥ each of the sets A/, and B!, depend on the
coordinates N, ~ N in ;. Hence if a, € B are distinct, then 4%, and B, de-
pend on coordinates (in I';) disjoint from those on which Af, and B'ﬁ depend.
From this it is immediate that the family {(4), B’ : « € B} is independent in
I;. Indeed, let glvistiixlci; Qpyeees Oy @y iq,...,0 begven. Forl<j<m,
pick ¢; € {0, 1} % such that if y €T, and Pno~n(7) = g}, then y € Af,,,.
Similarly for m + 1 <j <gq, pick b; €{0, 1}¥ej~N such that if y € T; and
PNai., ~N(Y) =bj, theny € B{,j. Define y €T, by

g if1<j<m,

PN&-"N(‘Y) =
i b ifm+1<j<gq,

and

Py)=0 ifngN U(aLeJB N, ~N).

Then 7 € (N2, 46) NV 41 Bj) as required.
Now for each a € B, put
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A, ={te{o, . f,-)=>r+ (0 -20)/8,, B,={t€{0,1}"fE) <r.

Since A, NB, = &, and A, D A, and B, D B!, for all a € B, we have that
{(4,, B,): a € B} is an independent family of pairs of sets in {0, 1}N. Since
llf, !l =1 for all « € B, it follows from Lemma 6 that {f,: a € B} is

(0 — 2€)/16 equivalent to the usual basis of I%.

(If N =&, we can apply Lemma 9 immediately to the set {f,: « € A"}
and proceed identically as above to obtain the set B and the independent family
of pairs of sets {(4,, B,): « € B}.)

Finally, the following standard perturbation argument shows that {x,: a €
B} is (0 — 2€)/16 — € = (6 — 18€)/16 > 1/32 equivalent to the usual basis of I%.
Let g, distinct a, . . ., o, € B, and scalars ¢, . . ., t, be given. Then

Z tixe, Z tifa "—jg;l 151 1fy, = xo,

q
»l=2e 262 yl=e 3 51> 5 Z I
=1

also, since llxal.ll =1 for each j, IZL, tjxo,ill < ZZ, It This completes the
proof of Proposition 10, hence of Theorem 2. Q.E.D.

3. The structure of dyadic spaces. This section contains the proof of
Theorem 1. We begin by giving sufficient conditions for a family {(4,, B,):
a € A} of pairs of subsets of D™ to contain a “large” independent subfamily
{4, B,): a € B}. As above, we regard D™ = {0, 1}" for some set N of cardi-
nality n.

PROPOSITION 11. Let m be a regular cardinal number and let A be a set
of cardinality m.

Assume that {(A,, B,): « € A} is a 2-independent family of pairs of closed
open subsets of {0, 1}N. Then there exist

(1) a subset B C A with card(B) = m;

(2) a finite subset N C N, an element e € {0, 1}V and a closed open sub-
set T' C {0, 1}V defined by

I={te{0, 1}%: Py(®) = e} = (e} x {0, 1}""V;

and

(3) disjoint finite subsets N, C N~ N (for « € B) so that A,NT" and B, NT"
are both nonempty and depend in T only on the coordinates N,,.

In particular, {(A,, B,): o € B} is an independent family of pairs of sets.

ProoF. For each a € A, define £, € C{0, 1}¥ by
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1 ifteA,,
f,&=1{-1 ift€B,,
0 otherwise.

Since every closed open subset of {0, l}N depends on a finite set of coordinates
in N, each function £, depends on some finite subset M, C N.

By Lemma 7 there exists a subset A’ C A with card(A") = m and a finite
(perhaps empty) subset N C N such that N =N wch’M, = M, OMj for every
pair of distinct @, B E A’. If N = & then it follows immediately (cf. the proof of
Proposition 10) that B = A', N = &, ' = {0, 1}V and N, = M,, for a € B satisfy
(1)—(3) of the proposition.

IEN# @, wite N={n,...,n}. Letey,...,e, be an enumeration
of the 2¥ points in {0, 1}V, and define

I={t€{0,1: Py® =¢}
for 1 <i<2¥. For fixed i, fo lpi depends on the coordinates N, = M, ~ N.

Hence, if a, § € A’ are distinct, £, Ir; and f, I, depend on disjoint sets of coordi-
nates. Thus, given v, € I; for each « € A’, there exists a y € T such that

(*) L0 =rf(y,) foreacha€A'

To see this, define ¥ € T; by Py ,(v) = Py (7,) for a € A', P(7) = ¢; and P,(7)
=0if n € (Uyep N)UN. This v clearly satisfies (s).

To finish the proof, it suffices to show that for some 1 <i< 2%, there
exists a subset B C A’ with card(B) = m such that

(%) for eacha € B, f,(Tp>{-1,1}L

For once we have such a set B, then we take I' = T; and we are done. To see
that {(4,, B,): a € B} is an independent family, let distinct @, . . . , @, By,
. » B; € B be given. Combining (x) and (#+), we obtain a y € I'; such that

fa].('y) =1 for1<j<r, qu(7)= -1 for1<qg<s.
But this is equivalent to

Y€ <}g Adl) N <qgl qu)

which establishes the independence of {(4,, B,): « € B}.
So it remains to find i and the set B satisfying (##) for this i. For each
1 <i<2¥, define

Al ={a€ A f,@T)D{1,-1}}
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If some A; has cardinality m, then we put B = A; and we are done. So let us
assume that card(A;) < m for each i and derive a contradiction.

Put C= A" ~J2¥, A, Then card(C) = m, and for no B € C does Sy satisfy
(+) for any i. Thus, the map ¥: C — {~1, 0, 1}2* defined by

Y@);=)-1 if-1 efp(ri)a
0 iffﬁlpi=0

is well defined.

Since card(C) = m and card{—1, 0, 1}2¥ = 32¥  there exist distinct a,fE
C such that ¥(a) = ¥(6). But this implies that IIf, — fBII <1, since f, and fg
never differ by 2 on any I';. This is a contradiction, since the assumption of 2-
independence of {(4,, B,): @ € A} implies that IIf,, —fﬁll = 2 for distinct a,
€A. QED.

We turn now to the proofs of the equivalences in Theorem 1, giving the
easier implications first, and leaving the most difficult one ((iii) = (iv)) until the
end.

PrROOF OF (i) = (ii). It is well known that wt(S) = dim C(S) for any com-
pact Hausdorff space S. By (i) = (iv) of Corollary 4, C(S) contains a subspace
isomorphic to 4.

Proor oF (ii) = (iii). By (ii) = (iii) of Corollary 4, C(S)* contains a sub-
space isomorphic to L' {0, 1}™. But for any measure p, if C(S)* contains a sub-
space isomorphic to L!(u), C(S)* contains a subspace isometrically isomorphic to
L'(u). (This follows easily from Maharam’s theorem [11].) Thus, C(S)* contains
a subspace isometrically isomorphic to L1{0, 1}™.

PROOF OF (iv) = (v). By Theorem 6.6 of [12], if S isa compact Hausdorff
space containing a homeomorph of D™, then C(S) contains a subspace isometrically
isomorphic to C(D™) which is the range of projection in C(S) of norm one.

ProOOF OF (v) = (i). If C(S) contains a subspace isomorphic to C(D™),
then dim C(S) > m. Hence wt(S) > m,

PRrOOF OF (iii) = (iv). Let Z be a subspace of C(S)* isometric to L!{0, 1}™
By Lemma 1.3 of [14] there exists a probability measure u € C(S)* such that Z
is a subspace of L!(u). It now follows easily from Maharam [11, Theorem 2]
that there exists a sub-g-algebra I’ of the o-algebra of Borel sets on S such that
L(S, ', ulg) is isometric to L*{0, 1}" for some n. > m,

By Maharam’s theorem [11], we may select a set A of cardinality m and
measurable sets { 0 @ € A} in Z' which satisfy the following property:

Given nonnegative integers k£ and ¢ and distinct &y, ..., 0, By, ..., Bq €
A, then
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H /rkj Og; N rq] ~ Opi> =27(k+a),
\i=l j=1

Let 0 < e < 1/16 and fix (for the moment) & € A. Define r, € L' () by r, =

2x9, — 1. (We regard L'(u) as a subspace of C(S)*; x 0 denotes the characteristic

function of the measurable set 0.) Since llz, Il = 1, there exists g, € C(S), lig, Il

=1, such that fg,r,du=>1-e.

PutF, ={s€S8:g,(s) =€} and G, = {s €S: g,(s) < —€}. We claim that
H(F,) = p(Fy N 0,) > 1/2 = 2¢ > 3/8 and u(G,) > u(G, N~ 0,) > 1/2 - 2¢ >
3/8. We show this for F,, the proof for G, being the same. If the assertion is
false, then since r, = 1 on 0, and u(0,) = 1/2,

1/2-¢ <J.0a 8 dn = .[OanFa Eadut foa“'pag“ du

S0, NF)+€/2<1/2-2+¢€/2<1/2-3¢/2,

a contradiction.

Having now selected g, F,, and G, as above for each a € A, we have
easily that {(F,, G,): « € A} is a 2-independent family of closed sets in S. For
given distinct @, § € A and (for example) F,, and Fg, then F, N 0, and Fgn 0‘3
are sets each of measure > 3/8 contained in a set of measure 3/4 (namely 0, U
0p)- It is clear from this that u(F, N 0, NFgN 0g) > 0, whence F, o« NFp# 3.
(The demonstrations that F, NGz # &, G nFB #g,and G, NGy # ¢ are
identical to the above proof ) Fmally, put F = {s: g,(s) > €/2} and G ={s:
g,(s) <—¢/2}. Then F and G are disjoint open sets containing F,, and G,,
respectively.

Now, let ¢: {0, 1}N — S be a continuous onto map, where N is a set of
cardinalityn. For fixed a, q)"l(ﬁa) is an open set in {0, 1}V, so we may write
¢'1(;7"a) U, U,,, where each U, is closed and open in {0, 13N, But then
U, U, > ¢7'(F,) (which is compact), so there exist a finite number v, , .

7, of v’s such that

¢7I(F,) C L'j Uy, C -1(F).

Put 4, 1 Uy o Then A, isa closed open set in {0, 1}V, Similarly, we can
find a closed open set B, in {0 13Y such that

¢7(G,) C B, C ¢7'(G,).

Since ¢(4,) O F,, #(B,) O G, and A,NB, = & for each a, it is clear that
{(4,, B,): a € A} is a 2-independent family of closed open sets in {0, 1}V,
By Proposition 11, we can select the following:
(1) a subset B C A with card(B) = m;
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(2) a finite set N C N, an element e € {0, 1} and a closed open subset
I'C {0, 1}¥ defined by I' = {£ €{0, 1}N: P\ (¢) = €} = {e} x {0, 1}¥"¥;and

(3) disjoint finite subsets N, C N~ N (for a € B) so that 4, NT and B,
NT are both nonempty and depend in " only on the coordinates N,,.

From (3) it is clear that {(4,NT, B, NT): a € B} is independent. For
each a € B, pick a, and b, € Py () such that if £ €T and Py «(8) = a,, then
£€A4,NT, and if PNa(’g) =b,, then £ € B,NI". We define a subset Q of I' as
follows:

Q= {E €TI: Py (§) =a, or b, for each a € B,

and P,(t) = 0if n ¢NU( UBNQ)}-

aE

Since D™ is homeomorphic to {0, 1}B, we can define a map o: {0, 1}8 —
Q by

a, ift, =0,

XGOS I

for all « € B. It is easy to see that o is a homeomorphism onto £, so  is ho-
meomorphic to D™,

To complete the proof it remains to show that ¢l is one to one (hence,
a homeomorphism on ). Let distinct £, £, € Q be given. Then for some a €
B, Py, (£,) #Pn,(52). Without loss of generality, we can assume that £, € 4,
and ¢, € B,. But ¢(4,) C F, and ¢(B,) C Ga» and since F, NG, = &, we
have ¢(£,) # #(£,). This completes the proof.
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